Strategy for Obtaining the
below systematically lists all of the configurations of our theory and gives the knot type for each. We reorganize this information according to knot type in Table S2 .
In order to produce Table S1 , we first used the following computation to determine how many possible configurations are allowed by our theory. There are five possible values for a and b which are 0, ±1, ±2. For each of the top loops, either the left or right side can be in front as indicated by an L or an R. The red-black crossing at the bottom can either be positive or negative as indicated by a + sign or a − sign. Thus altogether there are 5 × 5 × 2 × 2 × 2 = 200 possible configurations of our theory. All 200 possibilities are systematically listed in the leftmost columns of Table S1 .
In our calculations of the knot types, we first deform our configurations to topologically equivalent conformations which are easier to manipulate. In Fig. S1 , we illustrate these conformations, which we refer to as templates to distinguish them from the corresponding configurations. While templates are easier to work with than configurations, we emphasize that templates do not represent folding pathways as configurations do.
LL (+, a, b) RR ( To see that templates and configurations are topologically equivalent, observe that we can go from a configuration to a template by pulling the green loop away from the red loop towards the blue end. For example, in Fig. S2 we see how to get the templates for the 41 knot with configuration RL(+, 0, −2) and for the +61 knot with configuration RR(−, 2, −1) (which is the configuration that was obtained from the simulations by Bolinger et al. (? ) ). Also since we do not move the endpoints in going from a configuration to a template, closing one into a loop gives us the same knot type as closing the other. . We go from a configuration to a template by pulling the green loop away from the red loop towards the blue end.
Before we identified the knot types of all the configurations listed in Table S1 , we considered the templates of a small number of particular configurations. After joining the endpoints of these templates to get closed knots we deformed them to projections whose knot types could be easily recognized from the standard knot tables (? ). Next, we showed that each of the remaining configurations could be obtained from ones whose templates we had already identified by applying Theorem 1 of the main document, which we restate below. The theorem is proved in Section 3 of this document. Table S2 . The configurations used to obtain the knot types produced by our model.
Theorem 1. Let a and b be integers and let ε denote + or −. If one of the following configurations has knot type K, then all of these configurations have knot type K:
(+, 1, 2), (+, 2, 1) (+, 1, 1), (+, 2, 0) (+, 1, 1), (+, 0, 2) (+, 0, 1), (+, 1, 0) Tables   For the convenience of Thus the configurations obtained in the subsections together account for all of the configurations in Table S1 . Note that the colors in the figures of this section are to help the reader follow the deformations we describe and do not correspond to the colors in the figures of the main paper.
Verification of the
The 24 Configurations for the ±31 Knot. In Fig. S3 , we start with the template for the configuration RR(+, 0, 0) on the left, and pull the red arc to the right. We then have a projection with three crossings, which we can easily deform to a standard projection of the +31 knot. By applying Theorem 1, we get the configurations RL(+, 0, −1), LR(+, −1, 0), and LL(+, −1, −1). Fig. S3 . The template for the configuration for RR(+, 0, 0) is the +31 knot.
+3 1
Next, in Fig. S4 , we show that the template for the configuration RL(−, −2, 0) is also the +31 knot. In the first step, we pull the red arc to the right so that it no longer crosses underneath the black arc. We then pull the blue and red arc to the left to eliminate the blue-black crossing. We can then deform the projection to the standard projection of the +31 knot. By applying Theorem 1 repeatedly starting with the configuration RL(−, −2, 0), we get LR( . To obtain the +31 knot, we first shrink the red arc eliminating two of its three crossings. Next we do the same to the blue arc. This results in a projection with three crossings. We then flip up the black arc to get the usual projection of the +31 knot. By applying Theorem 1 to the configuration LL(−, 1, 1), we get RR(−, 2, 2), RL(−, 2, 1), and LR(−, 1, 2). Fig. S7 . The template for the configuration RR(+, −2, −2) is the +51 knot. Fig. S7 shows that the template for the configuration RR(+, −2, −2) is also the +51 knot. To get the second picture from the first, we shrink the red arc. From there, we flip the blue arc over the green arc, and then untwist the green loop to obtain the standard projection of the +51 knot.
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Observe that if we apply Theorem 1 to the configuration RR(+, −2, −2) we will end up with a parameter of −3. Thus RR(+, −2, −2) does not give us any additional configurations. This yields a total of five configurations for the +51 knot. It now follows from Lemma 1 that −51 is the knot type for the configurations LL(+, 0, 0), LR(+, 0, 1), RL(+, 1, 0), RR(+, 1, 1), and LL(−, 2, 2). This gives us ten configurations for the ±51 knot.
The 24 Configurations for the ±52 Knot. Fig. S8 illustrates a deformation of the template for the configuration RR(−, 2, 0) to the +52 knot. In particular, we flip the red arc to the left to remove one crossing. Then we slide the red and blue arc up behind the black arc, and then down in the front. Straightening out the projection, we obtain the +52. shows that the template for the configuration RR(+, −2, 0) is also the +52 knot. In this case, we first pull the red arc up to the top, then rotate the entire projection by 90
• clockwise to get the usual projection of the +52 knot. It follows from Lemma 1 that the configurations
, and RL(−, 1, 2) represent the −52 knot. This gives us the 24 configurations for the ±52 knot.
The 16 Configurations for the ±61 Knot. Fig. S10 shows that the template for the configuration RR(−, 2, −1) is the +61 knot. In particular, we flip over the blue loop to remove one of the crossings. Then we pull up the red and blue arc to get the third picture. We then shrink the lower black arc; and finally, we rotate the figure by 180
• to get the usual picture of the +61 knot. Table 1 for the +61 knot. It now follows from Lemma 1 that the configurations LL(+, −2, 1), The 8 Configurations for the ±76 Knot. In Fig. S15 , we start with the template for the configuration RR(+, 2, −2), then shrink the red arc to eliminate one black-black crossing in the right hand column. Next, we pull the loop on the right down to get a standard projection of the +76 knot. Applying Theorem 1 and eliminating those configurations with a −3 parameter, we get the configurations RR(+, −2, 2), RL(+, −2, 1), and LR(+, 1, −2) for the +76 knot. It now follows from Lemma 1 that the configurations LL(−, −2, 2), LL(−, 2, −2), LR(−, 2, −1), and RL(−, −1, 2) represent the −76 knot. This gives us the eight configurations for the ±76 knot.
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Fig. S15. The template for the configuration RR(+, 2, −2) is the +76 knot.
The 8 Configurations for the ±77 Knot. Fig. S16 shows that the template for the configuration LL(+, 1, 1) can be deformed to the standard projection of +77 simply by pulling the two loops apart. We then apply Theorem 1 to get the configurations RR(+, 2, 2), RL(+, 2, 1), and LR(+, 1, 2). It now follows from Lemma 1 that the configurations RR(−, −1, −1), LL(−, −2, −2), LR(−, −2, −1), and RL(−, −1, −2) represent the −77 knot. This gives us the eight configurations for the ±77 knot.
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Fig. S16. The template for the configuration LL(+, 1, 1) is the +77 knot.
The 4 Configurations for the ±88 Knot. Fig. S17 shows that the template for the configuration RL(−, −2, 2) can be deformed to the +88 knot by first shrinking the red arc and pulling it up and over the blue arc. Next we untwist the red arc by adding a twist to the blue arc. Rotating the entire picture by 90
• , we arrive at the standard projection for the +88 knot.
+8 8
Fig. S17. The template for the configuration RL(−, −2, 2) is the +88 knot.
Now by applying Theorem 1 to the configuration RL(−, −2, 2) we get the configurations
. By eliminating those configurations with a parameter of ±3, we are left with the configurations RL(−, −2, 2) and LR(−, 2, −2) for the +88 knot. It now follows from Lemma 1 that the configurations LR(+, 2, −2) and RL(+, −2, 2) represent the −88 knot. This gives us the four configurations for the ±88 knot.
The 8 Configurations for the ±814 Knot. In Fig. S18 we start with the template for the configuration RR(−, −2, −1), and slide the twist from the bottom up on the right. Then we turn over the green part of the knot which is in the dotted circle. This causes the red crossing to the right of the circle to move to the left. Next we make the lower green arc into a hook. Then we pull apart the ends of the upper green arc so that it becomes untwisted and the lower green arc becomes twisted. Next, we move the blue arc to the top of the picture. Finally, deforming the projection a little gives us the standard picture of the +814 knot. We leave the colors in the final picture to make it easier to see how we obtained it.
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Fig. S18. The template for the configuration RR(−, −2, −1) is the +814 knot.
Applying Theorem 1 to the configuration RR(−, −2, −1) and eliminating configurations with a parameter of −3 gives us the additional configurations RR(−, −1, −2), RL(−, −2, −2), and LR(−, −2, −2). It now follows from Lemma 1 that the configurations LL(+, 2, 1), LL(+, 1, 2), LR(+, 2, 2), and RL(+, 2, 2) represent the −814 knot. This gives us the eight configurations for the ±814 knot.
The 2 Configurations for the ±923 Knot. Fig. S19 begins by turning the template for the configuration RR(−, −2, −2) upside down, then pulling apart the two rows of twists. The green arc is then pulled upwards. Next, we untwist the blue and red loops, causing the black arcs to twist up. By shrinking the top arcs we get the standard projection of +923. Each of the configurations we would get by applying Theorem 1 has at least one parameter equal to −3. It now follows from Lemma 1 that LL(+, 2, 2) is the −923 knot. This gives us the two configurations for the ±923 knot.
+9 23
Fig. S19. The template for the configuration RR(−, −2, −2) is the +923 knot.
The 40 Configurations for the Unknot. According to Table S2 , the unknot (01) occurs with 40 configurations. Below, we show that the templates for RR(+, 2, 0), RR(+, 1, 0), and RR(+, −1, −2) can be deformed to the unknot, and then we apply Theorem 1 to each of these configurations to obtain the remaining configurations. Fig. S20 shows that we can deform the template for the configuration RR(+, 2, 0) to the unknot by first pulling the red arc to the right to remove the lower red-black crossing. We then pull the blue and red arcs down to remove one blue-black crossing. At this point, we can easily deform the projection to remove the remaining crossings. Next Fig. S21 shows that the template for the configuration RR(+, 1, 0) can be deformed into the unknot by first pulling the red arc to the right. Next, we flip the blue arc up in the back to get a projection with just one crossing, which can easily be removed. In Fig. S22 , we start with the template for the configuration RR(+, −1, −2) and shrink the red arc, eliminating two of the red-blue crossings. Shrinking the blue arc gives us the third picture, which can easily be deformed to the unknot. 
Proof of Theorem 1
In order to prove Theorem 1, we first prove the following proposition. Recall that we use = between two configurations to mean that the knots produced by those configurations are equivalent, not to mean that the configurations themselves are identical. Also we use a − sign in front of a configuration to denote the mirror image of the configuration.
Proposition 1. For any integers a and b, the following configurations produce equivalent knots.

RL(+, a, b) = LR(+, b, a), RL(−, a, b) = LR(−, b, a) RR(+, a, b) = RR(+, b, a), RR(−, a, b) = RR(−, b, a) LL(+, a, b) = LL(+, b, a), LL(−, a, b) = LL(−, b, a)
LR(−, a −
Proof. As in Section 2, we may deform a configuration to its corresponding template, which is easier to manipulate. Since a configuration and its template are topologically equivalent, any statement about the knot type of one is also true of the knot type of the other. Thus, in order to prove that the knots obtained from the configurations listed in the proposition are equivalent, we first replace each configuration by its template and join the endpoints of the template to obtain a knot. The knot equivalences listed in part (1) Rotation does not change the knot type, but the rotated template corresponds to a different configuration. In particular, as we can see in Figure S23 , rotating a template changes the positions of the R and L and the positions of a and b. However, the sign of a crossing does not change when it is turned over. Thus the signs of a and b, and the crossing at the bottom are unchanged. This shows that we have the knot equivalencies RL (+, a, b 
) = LR(+, b, a) and RL(−, a, b) = LR(−, b, a). Similarly, we can see that we have the knot equivalences RR(+, a, b) = RR(+, b, a), RR(−, a, b) = RR(−, b, a), LL(+, a, b) = LL(+, b, a), and LL(−, a, b) = LL(−, b, a). This proves part (1) of Proposition 1.
To prove the knot equivalences in part (2), observe from Combining the above equivalences, we get
We can also begin with RR (+, a, b) and RR (−, a, b) The equivalences in part (3) of Proposition 1 appear as Lemma 1 of Section 4 in the main body of this article. They describe what happens when a template is reflected in the plane of the paper to obtain its mirror image. In particular, reflection causes over and under crossings to be interchanged. Thus, the mirror image of a template will interchange R's and L's and switch the sign of each of the other parameters.
Theorem 1 follows immediately from the above proposition by collecting together equivalent configurations in part (1) and part (2).
Proof of Theorem 2
Recall from the main document that a knot is said to be 2-bridge if it has a projection with only two local maxima.
Theorem 2. All knots obtained by our steps can be deformed to a conformation whose projection has only two local maxima.
Proof. Let a and b be integers and let ε denote a + or − sign. In Fig. S25 , we start with the template for the configuration LL (ε, a, b) , and slide the a-box along the left side to the bottom while sliding the ε-box up on the right side. This causes the a-box to be turned upside down and the ε-box to become sideways. The picture on the right has only two local maxima: one green and the other blue. In particular, since the a and b boxes only contain vertical twists, they contain no local maxima inside; and since the sideways ε-box has only one crossing, it too cannot contain a local maxima. Thus the knot represented by LL (ε, a, b) has only two local maxima. Similar deformations show that the templates for RR (ε, a, b) , RL(ε, a, b) , and LR(ε, a, b) also represent 2-bridge knots.
Note that Proposition 1, Theorem 1, and Theorem 2 are true for all integers a and b. However, due to the Minimal Twisting Principle, our theory restricts the values of a and b to 0, ±1, and ±2.
Proof of Theorem 3
Recall from the main document that if tightening a configuration by pulling down on the red end while fixing the blue end causes causes the red loop and all of the red twisting to disappear, leaving us with a single red-black crossing at the bottom, then we will say that the configuration is consistent with a twisted hairpin pathway. Proof. We showed in Fig. 7 of the main document that the configurations RR(+, 0, b), RR(−, 1, b), RL(+, 0, b), and RL(−, 1, b) are each consistent with a twisted hairpin pathway. Observe from the above definition, that a configuration is consistent with a twisted hairpin pathway if and only if its mirror reflection through the plane of the paper is consistent with a twisted hairpin pathway. Thus the mirror forms LL (−, 0, b) , LL (+, −1, b) , 0, b) , and LR(+, −1, b) are also each consistent with a twisted hairpin pathway.
In order to show that no other configuration of our theory is consistent with a twisted hairpin pathway, we only need to consider configurations of the form RR (±, a, b) and RL (±, a, b) , because LL (±, a, b) and LR (±, a, b) are their mirror images.
First, we consider configurations of the form RR (±, a, b) and RL (±, a, b) in which the red loop contains two twists. In Fig. S26 , we illustrate what happens to the configurations RR (+, ±2, b) , RL(+, ±2, b) , ±2, b) and RL(−, ±2, b) when we tighten the knot by pulling down on the red end while fixing the blue end. In the six configurations at the top of the figure, we see that no amount of tightening will cause the red loop to disappear. For the configurations RR (−, 2, b) and RL (−, 2, b) at the bottom of the figure, pulling down on the red end does eventually cause the red loop to disappear. However, it is now replaced by twisting of the red arc around the black arc. It now follows that these configurations are inconsistent with twisted hairpin pathways. Next, we consider configurations of the form RR (±, a, b) and RL (±, a, b) where the red loop contains zero or one twist. In Fig. S27 , we illustrate what happens to the configurations RR( −1, b) , and RL(+, −1, b) when we pull down on the red end while fixing the blue end. Again, for the six configurations at the top of the figure, we see that no amount of tightening will cause the red loop to disappear. Also, for the configurations RR(+, −1, b) and RL(+, −1, b) at the bottom of the figure, pulling on the red end causes the red loop to be replaced by twisting of the red arc around the black arc. Thus these configurations are also inconsistent with a twisted hairpin pathway.
RR(+,
Therefore, the only configurations of the form RR (±, a, b) and RL (±, a, b) which are consistent with a twisted hairpin pathway are RR (+, 0, b) , 1, b) , RL(+, 0, b) , and RL (−, 1, b) . It follows that the only configurations of the form LL (±, a, b) and LR (±, a, b) Note that for the configurations RR(−, 2, b) and RL(−, 2, b) in Fig. S26 and RR(+, −1, b) and RL(+, −1, b) in Fig. S27 , the knots obtained by pulling down on the red end are twist knots. However, the twisting of the red arc around the black arc (that came from the threading of the red loop) plays an essential role in the knotting. Thus the folding described by these configurations does not correspond to a twisted hairpin pathway. 
Fingerprints of Specific Configurations
Fingerprints for the ±31 Knot with minimal twisting. The configuration for the +31 knot with minimal twisting is RR(+, 0, 0). Fig. S28 shows that the fingerprint of RR(+, 0, 0) contains the +31 knot twice, separated by an unknot. This could be the configuration for proteins whose fingerprints are designated as +31+31 on KnotProt, for example the protein 5m4sA. However, most of the +31-knotted proteins on KnotProt have fingerprints where the +31 knot appears only once. After RR(+, 0, 0), the next configurations with minimal twisting are RL(+, 0, −1) and LR(+, −1, 0). The fingerprint for LR(+, −1, 0) is illustrated in Fig. S29 . If we clip only the red end, we obtain a +52 knot, which does not agree with any of the fingerprints of the +31-knotted proteins on KnotProt.
In the main document, we show that the fingerprint for RL(+, 0, −1) has only one occurrence of the +31 knot, which agrees with most of the +31-knotted proteins on KnotProt. We thus conclude that the configurations RR(+, 0, 0) and RL(+, 0, −1) could describe folding pathways for the +31-knotted proteins. By taking the mirror images, we see that LL (−, 0, 0) and LR(−, 0, 1) could describe pathways for the folding of proteins for the −31-knotted proteins.
Configurations for ±31 with repeated knots in their fingerprint. As we saw in Fig. S28 , the configuration RR(+, 0, 0) has two occurrences of the +31 knot in its fingerprint. However, fingerprints with repeated occurrences of the 31 knot can also be the result of wiggles in a configuration. For simplicity, we did not include wiggles in our illustrations of configurations in the article, but wiggles certainly occur in actual protein conformations. Fig. S30 illustrates the fingerprint of RL(+, 0, −1) where we have included a wiggle deep in the configuration. As can be seen in the figure, such a wiggle causes the +31 knot to appear twice in the fingerprint, separated by an unknot. Thus, the fingerprint of this configuration also agrees with the proteins on KnotProt with a +31 +31 fingerprint, like the protein 5m4sA. Many different locations for a wiggle could have a similar effect. For example, a shallow wiggle near the blue end of RL(+, 0, −1) could also lead to a +31+31 fingerprint. Adding a wiggle to any configuration at an appropriate place can result in more than one occurrence of a given knot in the fingerprint. In fact, adding multiple wiggles to a configuration can result in a fingerprint with multiple occurrences of the same knot. For example, there are five proteins whose fingerprint on KnotProt is given as −31−31−31−31, meaning that the −31 knot occurs four times separated by unknots. One way to obtain a configuration with this fingerprint would be to start with the configuration LR(−, 0, 1) (which is the mirror image of RL(+, 0, −1)) and add three wiggles at appropriate places corresponding to where the −31 knots occur in the protein.
Configurations for the 41-knot that are consistent with a twisted hairpin pathway. It follows from Table 1 together with Theorem 3 that the only configurations for 41 which are consistent with a twisted hairpin pathway are RR(+, 0, −1), RR(−, 1, 2), RL(+, 0, −2), RL(−, 1, 1), LR(−, 0, 2), LR(+, −1, −1), LL(−, 0, 1), and LL(+, −1, −2). We now determine which of these eight configurations have a fingerprint that contains a +31 knot but no other knots, as the KARIs do.
In the paper, we show that the fingerprint of RL(+, 0, −2) agrees with that of the KARIs. Since RL(+, 0, −2) contains a +31 knot, its mirror image LR(−, 0, 2) contains a −31 knot, and hence the fingerprint of LR(−, 0, 2) does not agree with the fingerprints of the KARIs. Fig. S31 shows that starting with the configuration LR(+, −1, −1), if we clip the red end a little we obtain the −61 knot. Hence the fingerprint of LR(+, −1, −1) also does not agree with the fingerprints of the KARIs. Furthermore, since there is a −61 knot in the fingerprint of LR(+, −1, −1) there will be a +61 knot in the fingerprint for RL (−, 1, 1) . Thus the fingerprint of RL(−, 1, 1) also does not agree with the fingerprints of the KARIs. Fig . S32 illustrates the fingerprint of RR(+, 0, −1). In this case, clipping either end a little gives us the unknot and clipping both ends yields the +31 knot. However, if we clip the red end enough, without clipping the blue end, then we will get another 41 knot as illustrated on the left in Fig. S32 . This does not agree with the fingerprints of the 41-knotted KARIs on KnotProt. It now follows that the mirror form LL(−, 0, 1) also does not agree with those of the KARIs. Finally, in Fig. S33 we illustrate the fingerprint of LL(+, −1, −2) which agrees with the fingerprints of the 41-knotted KARIs. Hence, its mirror form, RR(−, 1, 2), contains a −31 knot in its fingerprint which does not agree with the KARIs. Thus of the eight configurations for the 41 knot which are consistent with a twisted hairpin pathway, only RL(+, 0, −2), and LL(+, −1, −2) have fingerprints that agree with those of the KARIs. Since RL(+, 0, −2) only involves twisting one loop whereas LL(+, −1, −2) requires twisting both loops, RL(+, 0, −2) better satisfies the Minimal Twisting Principle than LL(+, −1, −2) does. Thus we suggest that this configuration is the most likely to describe the folding pathway of the KARIs.
Possible configurations for the 41-knotted phytochromes. We saw above that all of the configurations for 41 which are consistent with a twisted hairpin pathway contain a ±31 or a ±61 knot in their fingerprint. Since the fingerprints of the phytochromes contain no other knots, it seems unlikely that the 41-knotted phytochromes fold via a configuration that is consistent with a twisted hairpin pathway.
There are eight configurations for the 41 knot which are inconsistent with a twisted hairpin pathway. These are RR(+, −1, 0), RR(−, 2, 1), RL(+, −1, −1), RL(−, 2, 0), LR(−, 1, 1), LR(+, −2, 0), LL(−, 1, 0), and LL(+, −2, −1). In the paper, we show that the fingerprint of the configuration RR(+, −1, 0) contains no other knots and hence agrees with that of the phytochromes. It follows that its mirror form LL(−, 1, 0) also agrees with the fingerprints of the phytochromes.
We now consider the six remaining configurations for the 41 knot which are inconsistent with a twisted hairpin pathway in order to determine if they too could describe folding pathways for the phytochromes. In Fig. S34 , we see that the fingerprint of the configuration LR(−, 1, 1) also agrees with those of the phytochromes, and hence again so does its mirror form RL(+, −1, −1).
Figs. S35 and S36 show that the fingerprints of the 41 knot with configurations LR(+, −2, 0) and LL(+, −2, −1) also agree with the fingerprints of the 41-knotted phytochromes on KnotProt. Hence their mirror forms RL(−, 2, 0) and RR(−, 2, 1) do as well. Thus all eight of the configurations for the 41 knot which are inconsistent with a twisted hairpin pathway have fingerprints that agree with those of the phytochromes on KnotProt, and hence could describe their folding pathways. However, based on the Minimal Twisting Principle we propose that the pathways described by the configurations RR(+, −1, 0) and LL (−, 1, 0) describe the most likely folding pathways for the phytochromes. Note that some of the phytochromes contain a second 41 knot in their fingerprints, as indicated by the notation 4141 on KnotProt. This second 41 knot can be obtained by adding a wiggle to either of the configurations RR(+, −1, 0) or LL(−, 1, 0).
Fingerprints of Configurations for the −52
Knot. The fingerprints of the −52-knotted UCH proteins on KnotProt contain a −31 knot after clipping one end, but contain no other knots. It follows from Table 1 together with Theorem 3 that the configurations RL(−, 1, 2) and LL(−, 0, 2) are the only ones for the −52 knot which are consistent with a twisted hairpin pathway. However, as we see in Figure S37 , if we clip both ends of these configurations we obtain a 41 knot. Since the fingerprints of the UCHs do not contain a 41 knot, the UCH proteins are unlikely to fold via a twisted hairpin pathway. In the main document, we show that the knots in the fingerprint of the configuration RL(+, −1, 0) for the −52 knot agree with those of the UCH proteins on KnotProt. Note that the fingerprints for the UCHs contain two −31 knots, as indicated by the notation −52−31−31 on KnotProt. A wiggle can be added to the configuration RL(+, −1, 0) to obtain this second −31 knot.
RL(-,
By the Minimal Twisting Principle, a pathway described by a configuration with only one twist, is more likely than one described by a configuration with multiple twists in one loop or a single twist in each loop. The only other configuration for the −52 knot which has only one twist is LR(+, 0, −1). However, as can be seen in Fig. S38 , the fingerprint of the configuration LR(+, 0, −1) contains a 41 knot. Since this does not agree with the fingerprints of the UCHs, the configuration RL(+, −1, 0) describes the most likely folding pathway for the UCHs. Further support for the pathway described by the configuration RL(+, −1, 0), is given by its intermediates, shown in Fig. S39 . These agree with the intermediates obtained in computer simulations by Zhao et al. of the folding of UCHs (? ).
Step 3a = -3 1 unknot
Step 3b = = 7. The folding of DehI into a 6 1 knot Step 3a intermediate
Step 3b Step 3a is a 41 knot while that of Step 3b is the unknot.
The configuration RR(−, 2, −1) represents the final conformation of the simulation of Bolinger et al. (? ) . In order to determine if another configuration could also describe the folding of the +61 knot in DehI, in Fig. S41 we consider the simplified illustration of the crystal structure for DehI presented in Wang et al. (? ) . We begin with this structure on the far left, with the coloring taken from (? ). To get to the second picture we flip the figure over, which interchanges the top and bottom of the picture switching all of the over and under crossings. In the third picture, we move the pink-yellow loop slightly to make it easier to see the crossings. Then in the fourth picture, we pull the front part of the blue loop to the left and smooth all of the arcs to make it easier to recognize the configuration as LR (−, 1, −1) . Finally, in the last picture, we recolor the projection using our standard colors. Step 3a intermediate We show in the paper that the fingerprint of both RR(−, 2, −1) and LR(−, 1, −1) contain the same subknots as the fingerprints for the DehIs on KnotProt. Though in both cases, we would need to add a wiggle to have a second occurrence of +61 as the DehIs do.
